Simple Model of a Standing Vertical Jump by Lin, Chris L.
ar
X
iv
:2
00
7.
08
70
6v
1 
 [p
hy
sic
s.p
op
-p
h]
  1
7 J
ul 
20
20 Minimal Model of a Standing Vertical Jump
Chris Lin
Department of Physics, University of Houston, Houston, TX
77204-5005
July 20, 2020
1 Introduction
Free fall occupies a large chunk of a standard course in introductory mechan-
ics. For completeness, once Newton’s laws are learned, the physics of the takeoff
should be discussed. Although humans are in a privileged position of not having
to jump to navigate or to escape predators, jumping still holds enchantment,
an expression of joy, or a climactic flourish to a sequence of moves in sports
and dance [1]. One can leverage the popularity of sports [2] and dance to get
students excited at applying the physics they learned to investigate the jump
through construction of a simple model.
Most discussions on jumping take as a starting point a force that develops be-
tween the object and the ground. Although a lot can be extracted from this
model, particularly if a force plate is used to measure the ground force [3, 4, 5, 6],
one drawback is that we know that jumping is initiated internally through mus-
cle contractions before the force is communicated to the ground, so from a
pedagogical perspective it would be nice to have a simple solveable model that
attempts to show how internal forces causally lead to the development of exter-
nal forces.
In this paper we use Newton’s 3rd law to deduce the simplest model of an object
that can perform a standing vertical jump – a two-segmented object with an
initial constant repulsive force between the segments, followed by an abrupt
attractive force. Such an object, when placed on a sturdy ground, will jump,
and the motion can be calculated using only the constant acceleration equations,
making the example suitable for algebra-based physics. We then proceed to solve
for the motion of an n-segmented object that will serve to illustrate the notion of
a kinematic chain, i.e., the amplification provided by employing multiple muscles
and joints linked together in an open chain. We then discuss a few similarities
and differences of this simple model from jumping robots and jumping humans,
and then conclude by arguing the model’s pedagogical merits.
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Figure 1: Left – an internal repulsion causes separation of the two segments.
Right – after a max separation distance d, the opposite force-pair become at-
tractive.
2 Deducing the Model
Consider an organism made of two parts, a top segment of mass m1, and a
bottom segment of mass m2, resting on a hard surface. Given that internal
forces between the top and bottom segments must be equal but opposite, one can
ask students whether the internal force pair that initiates the jump is attractive
or repulsive. Students can reason that the top segment must move upwards
before the bottom segment can, so there must be an upward force produced
internally on the top segment, and from Newton’s 3rd law, an equal downwards
force on the bottom segment, hence initially there is repulsion: see Fig. 1. The
top segment accelerates upward, but the bottom segment is prevented from
accelerating downward due to the ground, which therefore supplies an external
upwards force. As the top segment displaces upward, its separation from the
bottom segment (which remains static, pressed into the ground) increases. This
separation cannot continue indefinitely if the object is to not break apart, so
the internal forces must change their direction and become attractive as the
upper segment pulls the bottom segment upwards, and from Newton’s 3rd law,
is itself pulled downwards by the bottom segment. One can then ask students
to make an analogy of this model with jumping by humans, and would likely get
answers discussing how, from a crouched position, muscles exert internal forces
causing humans to unfold, but once the human has completely straightened to
reach maximum separation, muscle forces switch to joint forces to prevent the
two halves from separating.
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3 Solving the Model
To calculate the speed at which the object leaves the ground, we model the
initial phase of the jump as comprising a constant repulsive force F exerted
over a maximum separation distance of d between the two segments. Once the
distance d is reached, we model the attractive force between the two segments
as an abrupt completely inelastic collision, after which the segments are locked
together.
The velocity of the upper segment under constant acceleration a = F−m1g
m1
over
a distance d is
vf =
√
2
(
F −m1g
m1
)
d+ v2i . (1)
We model the second phase as a completely inelastic collision between the lower
and upper segments, where the final velocity of the combined system is:
v′f =
m1vf
m1 +m2
(2)
=
m1
m1 +m2
√
2
(
F −m1g
m1
)
d+ v2i .
Once in the air, the object is in free-fall and the height of the jump is given by
h =
v′2f
2g
(3)
=
m1
(m1 +m2)2
(
F −m1g
g
)
d,
where vi was set to zero because the upper segment is initially at rest.
Traditionally, collisions are treated long after Newton’s 3rd law and the con-
stant acceleration equations [7]. We therefore in the appendix offer an alternate
derivation of Eq.(2) using only the constant acceleration equations, so that the
model can be introduced earlier.
4 Extension to N-Segments
We simplify the problem by having all segments be the same, m1 = m2 = ... =
mN = m, and that the n
th segment does not turn on its repulsion until the
(n − 1)th segment has collided with the (n − 2)th segment: see Fig. 2. At
that moment denote the velocity of the entire upper mass of (n− 1)m as vn−1.
3
dFigure 2: The multi-segment system treated like a two-segment system, where
one of the segments is the dotted box comprising n-1 segments, and the nth
segment lies just below.
After completing the interaction with the nth mass, the new velocity vn of the
combined mass nm is, using Eq. (2),
vn =
(n− 1)m
nm
√
2
(
F − (n− 1)mg
(n− 1)m
)
d+ v2n−1 . (4)
Plugging in a few numbers
v2 =
1
2
√
2
(
F −mg
m
)
d+ 02 =
√
1
2
√
d
m
√
F −mg (5)
v3 =
2
3
√
2
(
F − 2mg
2m
)
d+ v2
2
=
√
2
3
√
d
m
√
F −
5
3
mg
v4 =
3
4
√
2
(
F − 3mg
3m
)
d+ v2
3
=
√
3
4
√
d
m
√
F −
7
3
mg.
From the pattern we guess vn =
√
n−1
n
√
d
m
√
F − 2n−1
3
mg which we can verify
by indeed showing that it satisfies Eq. (4). Therefore for N identical segments
the velocity upon takeoff and maximum height attained are:
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vf =
√
N − 1
N
√
d
m
√
F −
2N − 1
3
mg (6)
h =
v2f
2g
=
N − 1
N
(
1
2m
)(
F − 2N−1
3
mg
g
)
d.
In the large-N limit this becomes:
h =
1
2m
(
F − 2
3
Nmg
g
)
d. (7)
Evidently F > 2
3
Nmg rather than F > Nmg for the object to jump. When
treated as one-segment model [4], the only opposite-force pair is between the
segment and the ground, and one must have F > Mtotal g for the object to jump,
whereas in this model the opposite-force pairs need only exceed two-thirds the
total weight. This is due to the sequential nature of the jump, where upward
momentum from earlier segments can be expended to help pull the rest upward.
The effect of having a kinematic chain is most clearly seen by setting Nm =MT ,
the total mass, in Eq. (7):
h =
d
2MT
N
(
F − 2
3
MTg
g
)
. (8)
For fixed MT , the height attained is proportional to the number of chain ele-
ments N . However, if the total length L is constrained by fixing L = dN , then
for this model the maximum height obtained is proportional to the length of
the object and not the number of segments. By fixing L and increasing N , we
simultaneously must decrease the uncoiling distance d between two segments,
which has a compensating effect.
5 Comparison to Actual Jumping Mechanisms
The two-segment model kind of resembles a robot leg powered by a hydraulic
cylinder, where expansion of the cylinder provides the repulsive force and sepa-
ration of the upper and lower segments is achieved by opening at the hinge: see
Fig. 3. It should be noted that the cylinder, being connected to both the lower
and upper segments, must deform as the two segments separate, which it does
by extending.
Muscle and joints are more complicated. In Fig. 4, the contraction of the mus-
cle, which we model with a tension T in the string, causes an attractive rather
than a repulsive force. However, the hinge itself provides a reaction force R that
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Figure 3: Two segments that repel via the hydraulic cylinder.
T
R
N
Figure 4: Two segments that repel via the muscle-joint-kneecap system, the
sum of whose forces has an upward component.
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Figure 5: A model in which compression stores energy which can be returned
during the extension phase, but with velocity in the opposite direction.
ultimately causes a net upward force on the upper segment. The force N comes
from the normal force of the string wrapped around the kneecap. Analysis of
such a device is most natural in terms of torque, where it becomes obvious that
the tension T causes the center of mass of the top segment to move upwards as
it rotates clockwise, despite the fact that it is pulling downward.
We note that although the model of the knee as a self-tightening string wound
around a pulley connected to rigid bars joined at hinge is a natural way to
attack the problem with the methods of mechanics, sometimes certain aspects
can only be explained by biology. One such aspect seems to be the counter-
movement jump, where the knee is first flexed causing the center of mass of the
person to depress, but before bottoming out, the knee is rapidly extended. The
countermovement jump evidently is superior to the standing jump (where one
starts crouched at rest), resulting in a larger maximum attainable height. One
such model for it could be Fig. 5, where closing the hinge with the flexors stores
potential energy in the spring, and then the spring can be released to work in
tandem with the knee extensor. However, the superiority of the countermove-
ment jump seems to be due to biological priming of the extensor muscles [6].
Finally, although it is more practical to construct a model that directly captures
reality instead of constructing toy models, one often finds that so long as it is
allowed by the laws of physics, nature will find a way to realize it, or if not,
engineers can take advantage of it.
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6 Conclusion
Accurate biomechanical models of humans often require at least 16 rigid bodies
joined together comprising 38 degrees of freedom [8], which resists any attempts
at an analytic solution. Analytic solutions for the jumping motion of springs
[9, 10] have been made, but as the forces are not constant, they require the
solving of differential equations. In theory at least, students who know the
principles of physics but lack knowledge of calculus can model a varying force
by partitioning the force over many small intervals and assuming the force is
constant within each interval. Interesting investigations can be made using such
partitions [11], and are more in the spirit of physics than integrating a function.
Although historically calculus and physics are connected, the very existence of
algebra-based physics courses indicates the belief that the essential features of
physics do not require calculus. Why limit constant force equations to constant
forces?
Appendix
To derive Eq. (2) without collision equations, we assume that after the repulsive
force F acts for a distance d, the constant attractive force F ′ acts for a distance
ǫ, after which both segments lock together and move at the same velocity v′f .
The top segment deaccelerates to
v′f =
√
v2f −
F ′
m1
ǫ (9)
in time t =
vf−v
′
f
F ′
m1
, while the bottom segment accelerates to
v′f =
F ′
m2
(
vf − v
′
f
F ′
m1
)
(10)
v′f =
m1vf
m1 +m2
,
which proves Eq. (2). Moreover, we see that for Eqs (9) and (10) to be equal,
we must have
F ′ =
(
v2f
2ǫ
)
m1m2(2m1 +m2)
(m1 +m2)2
. (11)
Therefore we have the freedom to make ǫ very small with the corresponding F ′
in Eq. (11) very large, such that their product in Eq. (9) is unchanged. We
can then neglect ǫ whenever compared to d, so that we may still say that two
segments lock and move together when their separation distance reaches d.
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